
When you’re connected by zoom:

I Use a laptop or desktop with a large screen so you can read
these words clearly.

I To conserve bandwidth, please turn off your camera.

I Please mute your microphone unless I call on you.

I Please have the chat window open to ask questions.

I Take-home final due in 1 week. (But all deadlines are elastic.)

I Today’s DJ: Trent.



Kurosh Subgroup Theorem

Theorem (Kurosh)

Every subgroup of a free group is free.

For simplicity, we discuss and prove the finite index case, though
everything works in general.



The fundamental group of a basepointed X -labelled graph

Let Γ be an X -labelled graph with basepoint v0.

Definition
The fundamental group of Γ, written π1(Γ, v0), is:

I Elements: Reduced loops starting at v0.

I Operation: Concatenation.

I Identity: Empty word 1.

I Inverse of a loop: The same loop, traversed backwards.

Observation: If we change the labels on Γ, π1(Γ, v0) doesn’t
change; we just have different names for the same paths.



The Retract Lemma

Theorem
Let Γ be a basepointed X -labelled graph, let T be a tree contained
in Γ, and let Γ′ be the basepointed labelled graph obtained by
replacing T with a single vertex and giving each edge a different
label in some alphabet Y . Then π1(Γ, v0) = π1(Γ′, v0).



Proof of the Retract Lemma

First: Relabel Γ so that every edge has a different label.
Loops map to loops, so enough to show that:

I (Surjective) Every loop in Γ′ is the image of some loop in Γ.

I (Injective) Nontrivial reduced loops map to nontrivial reduced
loops.







Fundamental groups of graphs are free

Corollary

Let Γ be a finite basepointed X -labelled graph with basepoint v0, E
edges, and V vertices. Then π1(Γ, v0) = Fn, where n = E −V + 1.

Proof: Given Γ with V vertices and E edges:

Same proof works for infinite graphs, but you have to prove things
about spanning trees of infinite graphs.



Covering spaces

Let X = {a1, . . . , an}.

Definition
We call a completely X -labelled graph a covering space of the
n-leaved rose:



Coset diagrams

Definition
For H ≤ Fn, we define the (right) coset diagram of H to be the
basepointed X -labelled graph given by:



Main Theorem of covering spaces

Let X = {a1, . . . , an}.

Theorem
There exists a bijection between subgroups of Fn and basepointed
covering spaces of the n-leaved rose, given by:

I Subgroup to covering space: Map H to its coset diagram.

I Covering space to subgroup: Map (Γ, v0) to π1(Γ, v0).

Proof:



Proof of the Kurosh Subgroup Theorem



Residual finiteness of free groups

Here’s a slightly fancier result about free groups.

Theorem
Given 1 6= w ∈ Fn, there exists a finite quotient ρ : Fn → G such
that ρ(w) 6= 1.

We say that free groups are residually finite: Given a nontrivial
element w of a free group Fn, there exists a finite quotient of Fn in
which some nontrivial “residue” survives.



Reducing the problem

Enough to show that:

Theorem
Given 1 6= w ∈ Fn, there exists a a subgroup H of finite index in Fn
such that w /∈ H.

For in that case, let N be the intersection of the finitely many
conjugates of H. This is a subgroup of finite index in Fn, and
ρ : Fn → Fn/N is the desired finite quotient.



Proof by example

In F2 = 〈a, b〉, take w =


